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Abstract
Based on a new reformulation of the bounded approximation property, we develop a unified approach to
the lifting of bounded approximation properties from a Banach space X to its dual X∗. This encompasses
cases when X has the unique extension property or X is extendably locally reflexive. In particular, it is
shown that the unique extension property of X permits to lift the metric A-approximation property from X
to X∗, for any operator idealA, and that there exists a Banach space X such that X,X∗∗, . . . are extendably
locally reflexive, but X∗,X∗∗∗, . . . are not.
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1. Introduction
Let X be a Banach space (over K = R or C) and let IX denote the identity operator on X.
If there exists λ  1 such that IX can be uniformly approximated on compact subsets of X by
finite-rank operators of norm  λ, then X is said to have the bounded approximation property.
If IX is allowed to be approximated by compact operators, instead of finite-rank operators, then
X is said to have the bounded compact approximation property. If λ = 1, then X has the metric
(respectively the metric compact) approximation property.
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E. Oja / J. Math. Anal. Appl. 323 (2006) 666–679 667Godefroy and Saphar [10, Theorem 2.2] discovered a natural smoothness condition—the
unique extension property (see the definition in Section 2 below)—that permits to lift the metric
and metric compact approximation properties from X to its dual X∗.
Theorem 1.1 (Godefroy–Saphar). If a Banach space X has the unique extension property and
the metric (respectively the metric compact) approximation property, then X∗ has the metric
(respectively the metric compact) approximation property.
Grothendieck’s seminal Memoir [11, Chapter I, p. 179] contains five conditions equivalent to
the metric approximation property. More criteria of the metric (compact) approximation property
have been obtained in several subsequent works (see, for example, [7,12–14,16–19,26]). None
of them seem to yield Theorem 1.1 as an immediate application.
In Section 2, we consider a more general situation of bounded approximation properties de-
fined by arbitrary operator ideals (in the sense of Pietsch [25]). In Theorem 2.1, we establish
criteria that seem to reflect quite adequately the essence of them. Several known and new results
will easily follow (see Corollaries 2.2–2.5). In particular, Theorem 1.1 will be immediate from
Theorem 2.1 in a more general form (see Corollary 2.5): if X has the unique extension property
and the metric approximation property defined by any operator ideal A (instead of finite-rank
or compact operators), then X∗ has the metric approximation property defined by A. Notice
that “metric” is essential here: the unique extension property does not permit to lift, in general,
bounded approximation properties from X to X∗ (see Remark 2.4).
In Section 3, Theorem 2.1 is applied to study the extendable local reflexivity—a recent con-
cept due to Rosenthal [24]. It has been proven by Johnson and Oikhberg [15], relying on the
principle of local reflexivity, that the extendable local reflexivity of X permits to lift the bounded
approximation property from X to X∗. We present, in the more general context involving oper-
ator ideals, another proof of this result which does not use the principle of local reflexivity (see
Corollary 3.13). It seems to be an open question whether the extendable local reflexivity per-
mits lifting the bounded compact or weakly compact approximation properties. We introduce a
stronger version of the extendable local reflexivity that does (see Theorem 3.7 and Corollary 3.8).
On the other hand, it has been proven by Rosenthal [15] that X is extendably locally reflex-
ive whenever X∗ has the bounded approximation property. This result does not extend to the
bounded compact approximation property (see Proposition 3.2). However, we improve the result
of Rosenthal, by showing that X has a stronger form of the extendable local reflexivity when-
ever X∗ has the bounded weakly compact approximation property with conjugate operators (see
Lemma 3.3 and Theorem 3.4).
The notation we use is standard. We denote by L,W ,K, andF the operator ideals of bounded,
weakly compact, compact, and finite-rank linear operators, respectively. ByH, I ,RN , S , and V ,
we denote, respectively, the operator ideals of Hilbert operators, integral operators, Radon–
Nikodým operators, strictly singular operators, and completely continuous operators.
If A is an operator ideal, then A(X,Y ) will be equipped with the usual operator norm from
L(X,Y ), and not with the operator ideal norm, unless explicitly stated otherwise. The rea-
son is that the essence of the bounded approximation property defined by an operator ideal
A is mainly determined by the operator ideal properties of A and it does not depend on the
operator ideal norm of A (see also Remark 2.1 below). If x∗∗ ∈ X∗∗ and y∗ ∈ Y ∗, then the func-
tional y∗ ⊗ x∗∗ ∈ (A(X,Y ))∗ is defined by (y∗ ⊗ x∗∗)(T ) = x∗∗(T ∗y∗), T ∈ A(X,Y ). Note
that ‖y∗ ⊗ x∗∗‖ = ‖y∗‖‖x∗∗‖. We denote by A∗ the dual operator ideal. Its components are
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in [25] where the dual operator ideal is denoted by Adual.)
We shall consider X as a subspace of X∗∗, identifying the canonical embedding jX :X → X∗∗
with the identity embedding. The closed unit ball of X is denoted by BX . The closure of a set
A ⊂ X is denoted by A and its linear span by spanA.
2. Bounded approximation properties defined by operator ideals and the unique extension
property
LetA be an operator ideal and let 1 λ < ∞. A Banach space X is said to have the λ-bounded
A-approximation property if IX belongs to the closure of the subset {T : T ∈A(X,X), ‖T ‖ λ}
ofL(X,X) with respect to the topology of uniform convergence on compact subsets of X. We say
that the dual space X∗ of a Banach space X has the λ-bounded A-approximation property with
conjugate operators if IX∗ belongs to the closure of the subset {T ∗: T ∈A(X,X), ‖T ‖ λ} of
L(X∗,X∗) with respect to the topology of uniform convergence on compact subsets of X∗. The
metric A-approximation property (with conjugate operators) is the 1-bounded A-approximation
property (with conjugate operators). A space has the bounded A-approximation property (with
conjugate operators) if it has the λ-bounded A-approximation property (with conjugate op-
erators) for some λ. We also continue to use the classical terminology with “approximation”
meaning “F -approximation” and “compact approximation” meaning “K-approximation.”
Remark 2.1. It would be very restrictive to define the notion of the λ-boundedA-approximation
property of X by using the operator ideal norm ‖ · ‖A of A(X,X), that is, by the requirement
‖T ‖A  λ. Indeed, in this case, even 2 would not have the bounded nuclear approximation
property, neither the bounded absolutely summing approximation property.
Above-defined general approximation properties have been studied, for instance, by Rei-
nov [26] and Grønbæk and Willis [12] who exhibit an example of a Banach space XGW having
the bounded approximation property (even having a basis) such that X∗GW has the bounded
K-approximation property but it does not have the bounded W-approximation property with
conjugate operators nor the bounded approximation property (see [12, Example 4.3]).
The following theorem (which is the main result of this section) shows that the bounded
A-approximation property of X is equivalent to the existence of a “nice” functional de-
fined on (A(X,X))∗; if the functional is “nicer,” then this means that X∗ has the bounded
A-approximation property with conjugate operators.
Theorem 2.1. Let A be an operator ideal, let 1 λ < ∞, and let X be a Banach space. Then
(a) X has the λ-bounded A-approximation property if and only if there exists Φ ∈ (A(X,X))∗∗
with ‖Φ‖ λ such that
Φ(x∗ ⊗ x) = x∗(x) ∀x∗ ∈ X∗, ∀x ∈ X;
(b) X∗ has the λ-bounded A-approximation property with conjugate operators if and only if
there exists Φ ∈ (A(X,X))∗∗ with ‖Φ‖ λ such that
Φ(x∗ ⊗ x∗∗) = x∗∗(x∗) ∀x∗ ∈ X∗, ∀x∗∗ ∈ X∗∗.
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rem 2.1. Notice that it does not (explicitly) mention the existence of λ 1.
Corollary 2.2. A Banach space X has the boundedA-approximation property if and only if there
exists Φ ∈ (A(X,X))∗∗ such that Φ(x∗ ⊗ x) = x∗(x) for all x∗ ∈ X∗ and x ∈ X. The dual space
X∗ has the bounded A-approximation property with conjugate operators if and only if there
exists Φ ∈ (A(X,X))∗∗ such that Φ(x∗ ⊗ x∗∗) = x∗∗(x∗) for all x∗ ∈ X∗ and x∗∗ ∈ X∗∗.
Remark 2.2. Applying Corollary 2.2 to the examples considered by Reinov [26, pp. 845–
846], one can see that for any operator ideal A ⊂ RN ∗ ∪ S ∪ V (recall (see [25, 1.11 and
24.2.12]) that F ⊂ K ⊂W ⊂RN ∗ and K ⊂ S ∩ V) there exist a Banach space X and a func-
tional Φ ∈ (F(X,X))∗∗ such that Φ(x∗ ⊗ x) = x∗(x) for all x∗ ∈ X∗ and x ∈ X; but for any
Ψ ∈ (A(X,X))∗∗, there are x∗ ∈ X∗ and x∗∗ ∈ X∗∗ such that Ψ (x∗ ⊗ x∗∗) = x∗∗(x∗).
Proof of Theorem 2.1. Let a net (Sν) ⊂A(X,X) satisfy supν ‖Sν‖ λ. We assume, for (a), that
the net (Sν) converges to IX uniformly on compact subsets of X or, for (b), that (S∗ν ) converges
to IX∗ uniformly on compact subsets of X∗. Since (Sν) is contained in λB(A(X,X))∗∗ , which is
weak∗ compact, after passing to a subnet, we may assume that the limit limν f (Sν) exists for all
f ∈ (A(X,X))∗. Define Φ : (A(X,X))∗ → K by
Φf = lim
ν
f (Sν), f ∈
(A(X,X))∗.
Then Φ is clearly linear and ‖Φ‖ λ. In the case (a), we have
Φ(x∗ ⊗ x) = lim
ν
(x∗ ⊗ x)(Sν) = lim
ν
x∗(Sνx) = x∗
(
lim
ν
Sνx
)
= x∗(x)
for all x∗ ∈ X∗ and x ∈ X. In the case (b), we have
Φ(x∗ ⊗ x∗∗) = lim
ν
x∗∗(S∗ν x∗) = x∗∗
(
lim
ν
S∗ν x∗
)
= x∗∗(x∗)
for all x∗ ∈ X∗ and x∗∗ ∈ X∗∗.
For the converse implications, let Φ : (A(X,X))∗ → K be a linear functional satisfying
‖Φ‖  λ. Since Φ∗(1) ∈ λB(A(X,X))∗∗ , by Goldstine’s theorem, there is a net (Sν) ⊂ A(X,X)
with supν ‖Sν‖ λ such that Sν → Φ∗(1) in the weak∗ topology of (A(X,X))∗∗. In particular,
for any x∗ ⊗ x∗∗ ∈ (A(X,X))∗, we have
lim
ν
x∗∗(S∗ν x∗) =
(
Φ∗(1)
)
(x∗ ⊗ x∗∗) = Φ(x∗ ⊗ x∗∗).
If Φ(x∗ ⊗ x∗∗) = x∗∗(x∗) (see (b)), then
lim
ν
x∗∗(S∗ν x∗) = x∗∗(IX∗x∗), x∗ ∈ X∗, x∗∗ ∈ X∗∗,
meaning that (S∗ν ) converges to IX∗ in the weak operator topology on L(X∗,X∗). Since the
weak and strong operator topologies yield the same dual space [6, Theorem VI.1.4], by passing
to convex combinations, we may assume that S∗ν x∗ → x∗ for all x∗ ∈ X∗. Hence X∗ has the
λ-bounded A-approximation property with conjugate operators.
If Φ(x∗ ⊗ x) = x∗(x) (see (a)), then (Sν) converges to IX in the weak operator topology on
L(X,X). And, by passing to convex combinations, we may assume that Sνx → x for all x ∈ X.
Hence X has the λ-bounded A-approximation property. 
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son [13]. A detailed proof in spirit of [13] can be found in [28, pp. 321–323]. Notice that our
proof below does not use the principle of local reflexivity. It might be of interest that there is also
a proof employing Banach algebra techniques (see [12, Theorem 3.3]).
Corollary 2.3 (Johnson). If X∗ has the λ-bounded approximation property, then X∗ has the
λ-bounded approximation property with conjugate operators.
Proof. Since X∗ has the λ-bounded approximation property, there exists a linear functional
Φ : (F(X∗,X∗))∗ → K with ‖Φ‖  λ such that Φ(x∗∗ ⊗ x∗) = x∗∗(x∗) for all x∗∗ ∈ X∗∗ and
x∗ ∈ X∗. We shall use the well-known canonical identifications (F(X,X))∗ = I(X∗,X∗) and
(F(X∗,X∗))∗ = (F(X,X∗∗))∗ = I(X∗,X∗∗∗), where I(X∗,X∗) and I(X∗,X∗∗∗) are Banach
spaces of integral operators (equipped with their integral norms), due to Grothendieck [11, Chap-
ter I, pp. 124–125] (see, e.g., [5, pp. 231–232] or [27, p. 58]). Let J :I(X∗,X∗) → I(X∗,X∗∗∗)
be the natural embedding (defined by J (T ) = jX∗ ◦ T , T ∈ I(X∗,X∗)).
Define Ψ : (F(X,X))∗ → K by Ψ = Φ ◦ J . Then clearly ‖Ψ ‖  ‖Φ‖  λ and, since
x∗ ⊗ x∗∗ ∈ (F(X,X))∗ identifies with the finite-rank operator x∗∗ ⊗ x∗ ∈ I(X∗,X∗),
Ψ (x∗ ⊗ x∗∗) = Φ(x∗∗ ⊗ jX∗x∗) = Φ(x∗∗ ⊗ x∗) = x∗∗(x∗) ∀x∗ ∈ X∗, ∀x∗∗ ∈ X∗∗.
This means that X∗ has the λ-bounded approximation property with conjugate operators. 
Remark 2.3. Corollary 2.3 fails for A = K: the metric compact approximation property of X∗
does not imply the metric compact approximation property with conjugate operators. Such an
example is due to Casazza and Jarchow [2].
It is well known and easy to verify that K(X,X) =F(X,X) whenever X has the approxima-
tion property. In this case, (K(X,X))∗ = (F(X,X))∗, and therefore, by Theorem 2.1 (see also
Corollary 2.3), we have the following result, the first statement of which at least is well known
(see, e.g., [1, Proposition 8.2]).
Corollary 2.4. Let a Banach space X have the approximation property. Then X has the
λ-bounded compact approximation property if and only if X has the λ-bounded approximation
property. And X∗ has the λ-bounded compact approximation property with conjugate operators
if and only if X∗ has the λ-bounded approximation property.
Let us recall that a Banach space X is said to have the unique extension property if the only
operator T ∈ L(X∗∗,X∗∗) such that ‖T ‖  1 and T |X = IX is T = IX∗∗ . This property was
introduced and deeply studied by Godefroy and Saphar in [9] (using the term “X is uniquely de-
composed”) and [10]. This property is satisfied in many natural situations. For instance (see [10]),
the following Banach spaces have the unique extension property: Hahn–Banach smooth spaces,
in particular, spaces which are M-ideals in their biduals, for example, closed subspaces of c0;
spaces with a Fréchet-differentiable norm; separable polyhedral Lindenstrauss spaces; spaces of
compact operators K(X,Y ) for reflexive X and Y .
Godefroy and Saphar proved in [10, Theorem 2.2] (see Theorem 1.1 above) that the unique
extension property of X permits to lift the metricA-approximation property from X to X∗ when-
ever A= F or A= K. This theorem is immediate from Theorem 2.1, and it holds true for any
operator ideal A, as the following result shows.
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unique extension property and the metric A-approximation property, then X∗ has the metric
A-approximation property with conjugate operators.
Proof. Let Φ ∈ (A(X,X))∗∗ with ‖Φ‖1 be given by Theorem 2.1(a). Define T ∈L(X∗∗,X∗∗)
by
(T x∗∗)(x∗) = Φ(x∗ ⊗ x∗∗), x∗∗ ∈ X∗∗, x∗ ∈ X∗.
Then clearly ‖T ‖ 1, and T |X = IX because
(T x)(x∗) = Φ(x∗ ⊗ x) = x∗(x), x ∈ X, x∗ ∈ X∗.
By the unique extension property, T = IX∗∗ . Hence
Φ(x∗ ⊗ x∗∗) = (IX∗∗x∗∗)(x∗) = x∗∗(x∗), x∗ ∈ X∗, x∗∗ ∈ X∗∗,
meaning that X∗ has the metric A-approximation property with conjugate operators (see Theo-
rem 2.1(b)). 
Remark 2.4. Corollary 2.5 fails for the bounded approximation property. More precisely, it
fails for the λ-bounded approximation property at least when λ  8. Indeed, let XJS be the
closed subspace of c0 constructed by Johnson and Schechtman (see [15, Corollary JS]). Then
XJS has the unique extension property (all closed subspaces of c0 have, as was already men-
tioned) and XJS has the 8-bounded approximation property (see [8, Theorem VI.3 and its
proof]), but X∗JS does not have the approximation property, in particular, it does not have the
bounded approximation property. Therefore (see Corollary 2.4) X∗JS neither has the bounded
W-approximation (or S-approximation or V-approximation) property with conjugate operators,
because K(XJS,XJS) =W(XJS,XJS) = S(XJS,XJS) = V(XJS,XJS) (see Remark 3.1 be-
low). This shows that Corollary 2.5 fails for the bounded A-approximation property whenever
A⊂W ∪ S ∪ V .
3. Extendable local reflexivity
The unique extension property permits to lift metric approximation properties from Banach
spaces to their dual spaces but, in general, it does not guarantee lifting of the bounded approx-
imation property. Recently, a new geometric property of Banach spaces—the extendable local
reflexivity—was discovered by Rosenthal and studied by Johnson, Oikhberg, and Rosenthal
in [15] and [24]. As it was shown by Johnson and Oikhberg [15], this property permits to lift
the bounded approximation property from a Banach space to its dual space. Recall the relevant
notions and results.
Let X be a Banach space and let 1 λ < ∞. Following [24], we say that X is λ-extendably
locally reflexive if for all finite-dimensional subspaces E ⊂ X∗∗ and F ⊂ X∗, and for all ε > 0,
there exists an operator T ∈ L(X∗∗,X∗∗) such that T (E) ⊂ X, x∗(T x∗∗) = x∗∗(x∗), for all
x∗∗ ∈ E and x∗ ∈ F , and ‖T ‖  λ + ε. If X is λ-extendably locally reflexive for some λ  1,
then X is said to be extendably locally reflexive.
The next theorem is proven in [15, Theorem 3.1]; for its quantized version, see [24, Theo-
rem 3.13].
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(a) If X is λ-extendably locally reflexive and has the μ-bounded approximation property, then
X∗ has the λμ-bounded approximation property.
(b) If X∗ has the λ-bounded approximation property, then X is λ-extendably locally reflexive.
Notice that the unique extension property and extendable local reflexivity are different prop-
erties. In fact, the Johnson–Schechtman space XJS has the unique extension property but XJS
is not extendably locally reflexive (see Remark 2.4 and Theorem 3.1(a)). On the other hand,
1 is 1-extendably locally reflexive (by Theorem 3.1(b)) but 1 fails the unique extension
property (non-reflexive dual spaces clearly do not have the unique extension property, since
jX∗ ◦ (jX)∗ = IX∗∗∗ if X∗ is not reflexive).
3.1. Theorem 3.1(b) fails already for the bounded compact approximation property.
Proposition 3.2. There exists a Banach space X with a basis which is not extendably locally
reflexive, but whose dual space X∗ has the bounded compact approximation property.
Proof. Let X = XGW be the space of Grønbæk and Willis [12, Example 4.3]. Then X has a
basis, X∗ has the bounded compact approximation property, but X∗ does not have the bounded
approximation property. If X were extendably locally reflexive, then, since X has a basis, by
Theorem 3.1(a), X∗ would have the bounded approximation property. This is not the case, how-
ever. 
Recall (see, for instance, Corollary 2.3) that the assumption of Theorem 3.1(b) “X∗ has
the λ-bounded approximation property” is equivalent to “X∗ has the λ-bounded approxima-
tion property with conjugate operators.” Keeping this in mind, we shall improve Theorem 3.1(b)
by showing that, for a large class of operator idealsA, the λ-boundedA-approximation property
with conjugate operators of X∗ implies the λ-extendable local reflexivity of X (see Theorem 3.4).
Our proof will not use the principle of local reflexivity unlike the proof of Theorem 3.1(b) in [15].
Lemma 3.3. Let A be an operator ideal and let X be a Banach space. If X∗ has the λ-bounded
A-approximation property with conjugate operators, then for every finite-dimensional subspace
F ⊂ X∗ and for every ε > 0, there exists an operator S ∈A(X,X) such that S∗x∗ = x∗, for all
x∗ ∈ F , and ‖S‖ λ + ε. In particular, if A(X,X) ⊂W(X,X), then the operator T = S∗∗ has
the following properties: T ∈ L(X∗∗,X), x∗(T x∗∗) = x∗∗(x∗), for all x∗∗ ∈ X∗∗ and x∗ ∈ F ,
‖T ‖ λ + ε, and T ∗(X∗) ⊂ X∗.
Proof. Let e∗1, . . . , e∗n be a basis in F . Choose e1, . . . , en in X to obtain a biorthogonal system.
Let R ∈A(X,X) satisfy ‖R‖ λ and
∥∥R∗e∗k − e∗k
∥∥ ε
n‖ek‖ , k = 1, . . . , n.
Define
S = R +
n∑(
e∗k − R∗e∗k
)⊗ ek.k=1
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S∗e∗j = R∗e∗j +
n∑
k=1
e∗j (ek)
(
e∗k − R∗e∗k
)= e∗j , j = 1, . . . , n.
Assume now thatA(X,X) ⊂W(X,X). Then S ∈W(X,X) and S∗ ∈W(X∗,X∗). Therefore,
if T = S∗∗, then T ∈W(X∗∗,X) and T ∗ ∈W(X∗∗∗,X∗). Moreover,
x∗(T x∗∗) = x∗∗(S∗x∗) = x∗∗(x∗) ∀x∗∗ ∈ X∗∗, ∀x∗ ∈ F. 
It seems to be convenient to introduce a stronger form of the extendable local reflexivity
by adding the requirement that the operator T ∈ L(X∗∗,X∗∗) in the definition also satisfies
T ∗(X∗) ⊂ X∗. This means that T is weak∗–weak∗ continuous, or, equivalently, T is a conju-
gate operator. We say that a Banach space X is strongly λ-extendably locally reflexive if for all
finite-dimensional subspaces E ⊂ X∗∗ and F ⊂ X∗, and for all ε > 0, there exists an opera-
tor T ∈ L(X∗∗,X∗∗) such that T (E) ⊂ X, x∗(T x∗∗) = x∗∗(x∗), for all x∗∗ ∈ E and x∗ ∈ F ,
‖T ‖  λ + ε, and T ∗(X∗) ⊂ X∗. The strongly extendable local reflexivity is at least formally
stronger than the extendable local reflexivity. Known examples leave open the possibility that
these properties are equivalent. We conjecture that they are different.
Let us reformulate the essential part of Lemma 3.3 as follows.
Theorem 3.4. Let A be an operator ideal and let X be a Banach space. If A(X,X) ⊂W(X,X)
and X∗ has the λ-bounded A-approximation property with conjugate operators, then X is
strongly λ-extendably locally reflexive.
Szankowski [30] proved that L(2, 2) fails the approximation property.
Corollary 3.5. The space L(2, 2) does not have the bounded W-approximation property with
conjugate operators.
Proof. Let X = 2 ⊗ˆ 2, the projective tensor product. It is well known that L(2, 2) = X∗. The
claim is immediate from Theorem 3.4 because X is not extendably locally reflexive (this was
observed in [15]; the reason is that since X has the metric approximation property and X∗ fails
the approximation property, by Theorem 3.1(a), X cannot be extendably locally reflexive). 
Remark 3.1. There are important cases when A(X,X) ⊂ W(X,X) without assuming that
A⊂W . For instance, this is the case whenA= V and X∗ is separable, because then K(X,X) =
V(X,X) (see, e.g., [29, p. 398]). In particular, if X is a closed subspace of c0, then we even have
K(X,X) = V(X,X) = S(X,X) = W(X,X). In fact, by a well-known result of Bessaga and
Pełczyn´ski (see, e.g., [21, pp. 7 and 53]), every weakly null sequence which does not converge
in norm contains a subsequence which is equivalent to the unit vector basis (en) of c0. There-
fore, if T /∈ V(X,X), then there is a sequence (xn) in X such that (xn) and (T xn) are equivalent
to (en). Then T /∈ S(X,X) because the restriction of T to span{x1, x2, . . .} is an isomorphism.
And T /∈W(X,X) because otherwise Ic0 ∈W(c0, c0), a contradiction.
Remark 3.2. From Theorems 3.1(a) and 3.4 (recall also Corollary 2.3), it is clear that the ex-
tendable local reflexivity is equivalent to its strong version for Banach spaces having the bounded
approximation property.
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to their complemented subspaces. In particular, it passes from X∗∗∗ to X∗. This will be used in
the next proof.
Theorem 3.6. There exists a strongly 1-extendably locally reflexive Banach space X with a
monotone shrinking basis such that
(a) its odd duals X∗, X∗∗∗, . . . are not extendably locally reflexive, but have the metric compact
approximation property with conjugate operators;
(b) its even duals X∗∗,X∗∗∗∗, . . . are strongly 1-extendably locally reflexive, have the metric
compact approximation property, but do not have the bounded W-approximation property
with conjugate operators;
(c) its all duals X∗,X∗∗, . . . are separable.
Proof. Let W be the separable reflexive Banach space of Willis [31] which has the metric com-
pact approximation property, but fails the approximation property. By a construction due to James
and Lindenstrauss [20], there is a Banach space X with a monotone shrinking basis such that
X ⊕ W is isomorphic to X∗∗ (in short, X ⊕ W ≈ X∗∗). Then X∗ has a monotone basis and thus
also the metric (compact) approximation property with conjugate operators (recall, for instance,
Corollary 2.3). Hence (see Theorem 3.4) X is strongly 1-extendably locally reflexive. If X∗ were
extendably locally reflexive, then, by Theorem 3.1(a), X∗∗ would have the (bounded) approx-
imation property. This is impossible, because X∗∗ ≈ X ⊕ W and W fails the approximation
property.
Since X∗ and W ∗ have the metric compact approximation property with conjugate op-
erators, (X ⊕ W)∗ has the bounded compact approximation property with conjugate opera-
tors. Hence also X∗∗∗ has (recall that X∗∗ ≈ X ⊕ W ). But then X∗∗∗, being separable (since
X∗∗∗ ≈ X∗ ⊕W ∗), already has the metric compact approximation property with conjugate oper-
ators (see, e.g., [3] or [10, Corollary 1.6]; for a recent alternative proof see [19]). Since X∗ is not
extendably locally reflexive, X∗∗∗ cannot be extendably locally reflexive. The same argument
applies successively to the all odd duals X(2n+1) (using that X(2n) ≈ X(2n−2) ⊕ W ). Thus (a)
holds and all odd duals X(2n+1) are separable, implying (c).
Since X(2n+1) has the metric compact approximation property with conjugate operators, X(2n)
has the metric compact approximation property and, by Theorem 3.4, is strongly 1-extendably
locally reflexive. It cannot have the bounded W-approximation property with conjugate oper-
ators because otherwise (by Theorem 3.4 again) X(2n−1) would be strongly extendably locally
reflexive. Thus (b) holds. 
Remark 3.3. Relying on [20] and comparing the constructions of XGW in [12, Example 4.3] and
of X in Theorem 3.6, one may observe that XGW is isomorphic to X∗.
3.2. As we mentioned, Theorem 3.4 improves Theorem 3.1(b). The following two results
have to be compared with Theorem 3.1(a) and also with Proposition 3.10. Recall thatA∗(X,Y ) =
{T ∈ L(X,Y ): T ∗ ∈A(Y ∗,X∗)} and A∗∗(X,Y ) = {T ∈ L(X,Y ): T ∗∗ ∈A(X∗∗, Y ∗∗)}. Recall
also that an operator ideal A is regular if T ∈A(X,Y ) whenever jY ◦ T ∈A(X,Y ∗∗).
Theorem 3.7. Let A be an operator ideal and let X be a Banach space which is strongly
λ-extendably locally reflexive.
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(b) If A is regular and contained in W , and X has the μ-bounded A∗∗-approximation property,
then X∗ has the λμ-bounded A-approximation property with conjugate operators.
Proof. (a) By Theorem 2.1(a), it suffices to construct Φ ∈ (A(X∗,X∗))∗∗ with ‖Φ‖ λμ such
that Φ(x∗∗ ⊗ x∗) = x∗∗(x∗) for all x∗∗ ∈ X∗∗ and x∗ ∈ X∗.
Let us consider the set of all ν = (E,F, ε), where E ⊂ X∗∗ and F ⊂ X∗ are finite-dimensional
subspaces, and 0 < ε < 1, directed in the natural way. For every ν, there exists an operator Tν ∈
L(X∗∗,X∗∗) such that Tν(E) ⊂ X, x∗∗(x∗) = x∗(Tνx∗∗) for all x∗∗ ∈ E and x∗ ∈ F , ‖Tν‖ 
λ + ε, and T ∗ν (X∗) ⊂ X∗. Since X has the μ-bounded A∗-approximation property and Tν(BE)
is a compact subset of X, there exists Sν ∈A∗(X,X) such that
‖SνTνx∗∗ − Tνx∗∗‖ < ε ∀x∗∗ ∈ BE,
and ‖Sν‖ μ.
Observe that T ∗ν ◦ S∗ν ∈A(X∗,X∗) because S∗ν ∈A(X∗,X∗). We also have
lim
ν
(x∗∗ ⊗ x∗)(T ∗ν ◦ S∗ν
)= x∗∗(x∗) ∀x∗∗ ∈ X∗∗, ∀x∗ ∈ X∗.
Indeed, for given x∗∗ and x∗ with ‖x∗∗‖ = ‖x∗‖ = 1 and ε, let ν0 = (span{x∗∗}, span{x∗}, ε). If
ν  ν0, then
∣∣(x∗∗ ⊗ x∗)(T ∗ν ◦ S∗ν
)− x∗∗(x∗)∣∣= ∣∣x∗∗(T ∗ν S∗ν x∗
)− x∗∗(x∗)∣∣
= ∣∣x∗(SνTνx∗∗) − x∗(Tνx∗∗)
∣∣
 ‖SνTνx∗∗ − Tνx∗∗‖ < ε.
Since the net (T ∗ν ◦ S∗ν ) is contained in the weak∗ compact set (λ + 1)μB(A(X∗,X∗))∗∗ , after
passing to a weak∗ convergent subnet, we may define, similarly to the proof of Theorem 2.1(a),
a functional Φ ∈ (A(X∗,X∗))∗∗ by
Φf = lim
ν
f
(
T ∗ν ◦ S∗ν
)
, f ∈ (A(X∗,X∗))∗.
The functional Φ clearly has the desired properties.
(b) By Theorem 2.1(b), it suffices to construct Φ ∈ (A(X,X))∗∗ with ‖Φ‖  λμ such that
Φ(x∗ ⊗ x∗∗) = x∗∗(x∗) for all x∗ ∈ X∗ and x∗∗ ∈ X∗∗. The construction is essentially the
same as in part (a). Only, this time, we have Sν ∈ A∗∗(X,X). Hence S∗∗ν ∈ A(X∗∗,X∗∗) ⊂
W(X∗∗,X∗∗). Consequently Sν ∈W(X,X), implying that ranS∗∗ν ⊂ X and, since A is regular,
S∗∗ν ∈A(X∗∗,X). Therefore the net (S∗∗ν ◦ Tν ◦ jX) is contained in A(X,X). Observing that, for
ν  (span{x∗∗}, span{x∗}, ε),
(x∗ ⊗ x∗∗)(S∗∗ν ◦ Tν ◦ jX
)= x∗∗((jX)∗T ∗ν S∗ν x∗
)= x∗∗(T ∗ν S∗ν x∗
)= x∗(SνTνx∗∗),
because T ∗ν S∗ν x∗ ∈ jX∗(X∗), we may verify that
lim
ν
(x∗ ⊗ x∗∗)(S∗∗ν ◦ Tν ◦ jX
)= x∗∗(x∗) ∀x∗ ∈ X∗, ∀x∗∗ ∈ X∗∗.
After passing to a weak∗ convergent subnet of (S∗∗ν ◦ Tν ◦ jX) in (A(X,X))∗∗, we define Φ ∈
(A(X,X))∗∗, having the desired properties, by
Φf = limf (S∗∗ν ◦ Tν ◦ jX
)
, f ∈ (A(X,X))∗. ν
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solutely r-summing operators, with A∗ = D(∞,r), the (∞, r)-dominated operators, 1  r < ∞
(see [25, 17.4.3]). Recall that an operator ideal A is symmetric if S∗ ∈ A(Y ∗,X∗) whenever
S ∈A(X,Y ) (equivalently, if A⊂A∗). By Theorem 3.7(a), the strongly extendable local reflex-
ivity of X permits to lift the boundedA-approximation property from X to X∗ for any symmetric
operator ideal A. If A is symmetric, then A⊂A∗∗ (because A∗ ⊂A∗∗). For example, the fol-
lowing operator ideals are symmetric: F , K, W , H, I . They all are regular and contained in W .
There also are other regular operator ideals A such that A ⊂ A∗∗ and A ⊂ W , for instance
(see [4,22,23]), the operator ideals AC of absolutely continuous operators and BS of Banach–
Saks operators. Let us point out the next “lifting” result (an obvious corollary of Theorem 3.7(b))
that applies to those operator ideals.
Corollary 3.8. Let A be a regular operator ideal satisfying A ⊂ A∗∗ ∩W . If a Banach space
X is strongly λ-extendably locally reflexive and has the μ-bounded A-approximation property,
then X∗ has the λμ-bounded A-approximation property with conjugate operators.
Let us point out the following immediate corollary of Theorem 3.4 and Corollary 3.8.
Corollary 3.9. LetA be an operator ideal as in Corollary 3.8 and let X be a Banach space. Then
X is strongly extendably locally reflexive and has the bounded A-approximation property if and
only if X∗ has the bounded A-approximation property with conjugate operators.
3.3. Theorem 3.7 shows how the strongly extendable local reflexivity of X permits to lift
bounded A-approximation properties from X to X∗. If we merely assume that X is extendably
locally reflexive, then we have the next “lifting” result from which, in particular, Theorem 3.1(a)
will follow (see Corollary 3.13).
Proposition 3.10. Let A be an operator ideal and let X be a Banach space which is λ-ex-
tendably locally reflexive. If X has the μ-boundedA∗∗-approximation property, then there exists
Φ ∈ (A(X∗∗,X∗∗))∗∗ with ‖Φ‖  λμ such that Φ(x∗ ⊗ x∗∗) = x∗∗(x∗) for all x∗ ∈ X∗ and
x∗∗ ∈ X∗∗. Moreover, if A is regular and contained in W , then Φ ∈ (A(X∗∗,X))∗∗.
Proof. The construction of Φ is almost the same as in the proof of Theorem 3.7(b). Only, this
time, we consider the net (S∗∗ν ◦ Tν) in A(X∗∗,X∗∗) which lies in A(X∗∗,X) whenever A is
regular and contained in W . 
Concerning the assertions of Proposition 3.10, they are connected to bounded A-approxima-
tion properties of dual spaces as follows.
Proposition 3.11. Let A be an operator ideal and let X be a Banach space.
(a) If X∗ has the λ-bounded A∗-approximation property or if there exists Φ ∈ (A(X∗∗,X))∗∗
satisfying
‖Φ‖ λ, Φ(x∗ ⊗ x∗∗) = x∗∗(x∗) ∀x∗ ∈ X∗, ∀x∗∗ ∈ X∗∗, (∗)
then there exists Φ ∈ (A(X∗∗,X∗∗))∗∗ satisfying (∗).
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with conjugate operators, then there exists Φ ∈A(X∗∗,X)∗∗ satisfying (∗).
Proof. (a) Let X∗ have the λ-bounded A∗-approximation property. By Theorem 2.1(a), there
exists Ψ ∈ (A∗(X∗,X∗))∗∗ with ‖Ψ ‖  λ such that Ψ (x∗∗ ⊗ x∗) = x∗∗(x∗) for all x∗ ∈ X∗
and x∗∗ ∈ X∗∗. Define J : (A(X∗∗,X∗∗))∗ → (A∗(X∗,X∗))∗ by (Jf )(S) = f (S∗), f ∈
(A(X∗∗,X∗∗))∗, S ∈A∗(X∗,X∗), and observe that J (x∗ ⊗ x∗∗) = x∗∗ ⊗ x∗. Then Φ = Ψ ◦ J
has the needed properties.
The proof of the second assertion is similar. One only defines J : (A(X∗∗,X∗∗))∗ →
(A(X∗∗,X))∗ by (Jf )(S) = f (jX ◦ S) and observes that J (x∗ ⊗ x∗∗) = x∗ ⊗ x∗∗.
(b) Since X∗ has the λ-bounded A∗∗-approximation property with conjugate operators, by
Theorem 2.1(b), there exists Ψ ∈ (A∗∗(X,X))∗∗ with ‖Ψ ‖ λ such that Ψ (x∗⊗x∗∗) = x∗∗(x∗)
for all x∗ ∈ X∗ and x∗∗ ∈ X∗∗. Define J : (A(X∗∗,X))∗ → (A∗∗(X,X))∗ by (Jf )(S) = f (S∗∗)
(note that S∗∗ ∈A(X∗∗,X) whenever S ∈A∗∗(X,X), becauseA is regular and contained inW).
Then J (x∗ ⊗ x∗∗) = x∗ ⊗ x∗∗ and Φ = Ψ ◦ J has the needed properties. 
We show now that the converse of Proposition 3.11(b) holds true for the special case of
A=F .
Theorem 3.12. Let X be a Banach space. Then X∗ has the λ-bounded approximation property
with conjugate operators if and only if there exists Φ ∈ (F(X∗∗,X))∗∗ satisfying (∗).
Proof. In view of Proposition 3.11(b), we only need to prove the “if” part. By assumption, there
exists a linear functional Φ : (F(X∗∗,X))∗ → K with ‖Φ‖ λ such that Φ(x∗ ⊗x∗∗) = x∗∗(x∗)
for all x∗ ∈ X∗ and x∗∗ ∈ X∗∗. Similarly to the proof of Corollary 2.3, we use the canonical iden-
tifications (F(X,X))∗ = I(X,X∗∗) and (F(X∗∗,X))∗ = I(X,X∗∗∗∗) (here the spaces of inte-
gral operators are equipped with their integral norms). Let J : I(X,X∗∗) → I(X,X∗∗∗∗) be the
natural embedding (defined by J (T ) = jX∗∗ ◦ T , T ∈ I(X,X∗∗)). Define Ψ : (F(X,X))∗ → K
by Ψ = Φ ◦ J . Then clearly ‖Ψ ‖  λ and, since x∗ ⊗ x∗∗ ∈ (F(X,X))∗ identifies with the
finite-rank operator x∗ ⊗ x∗∗ ∈ I(X,X∗∗),
Ψ (x∗ ⊗ x∗∗) = Φ(x∗ ⊗ x∗∗) = x∗∗(x∗) ∀x∗ ∈ X∗, ∀x∗∗ ∈ X∗∗.
By Theorem 2.1(b), this means that X∗ has the λ-bounded approximation property with conju-
gate operators. 
Corollary 3.13. (See Theorem 3.1(a).) If a Banach space X is λ-extendably locally reflexive
and has the μ-bounded approximation property, then X∗ has the λμ-bounded approximation
property with conjugate operators.
Proof. This is immediate from Proposition 3.10 and Theorem 3.12. 
Remark 3.4. The proof of Theorem 3.1(a) in [15] relies on the principle of local reflexivity. Our
proof above does not use it.
Corollary 3.14. Let a Banach space X have the approximation property. Then X∗ has the λ-
bounded compact approximation property with conjugate operators if and only if there exists
Φ ∈ (K(X∗∗,X))∗∗ satisfying (∗).
678 E. Oja / J. Math. Anal. Appl. 323 (2006) 666–679Proof. This is obvious from Theorem 3.12, since K(X∗∗,X) =F(X∗∗,X) whenever X has the
approximation property. 
We conclude with an immediate application of Proposition 3.11(a) and Corollary 3.14.
Corollary 3.15. Let X = XGW , the space of Grønbæk and Willis. Then there exists Φ ∈
(K(X∗∗,X∗∗))∗∗ such that Φ(x∗ ⊗ x∗∗) = x∗∗(x∗) for all x∗ ∈ X∗ and x∗∗ ∈ X∗∗; but for any
Ψ ∈ (K(X∗∗,X))∗∗, there are x∗ ∈ X∗ and x∗∗ ∈ X∗∗ such that Ψ (x∗ ⊗ x∗∗) = x∗∗(x∗).
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